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ABSTRACT

Laminar fully developed mixed convection in vertical semicircular ducts with
upward and downward flows is investigated. Numerical solutions, obtained by using a
control volume based finite difference approach, are presented for solving the governing
equations. Results are obtained for the two limiting thermal boundary conditions;
uniform heat input axially with uniform peripheral wall temperature (H1) and uniform
heat input axially with uniform wall heat flux circumferentially (H2). These results
include the velocity and temperature fields and data for the friction factor and Nusselt
number. In aiding and opposing flows, the velocity and temperature distributions, due to
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the free convection effect, become different from the one corresponding to pure forced
convection. At high Gr, the concentration of the isovel contours near the duct wall, for
both thermal boundary conditions, leads to increased wall shear. In addition, the high
concentration of isotherms near the wall shows high temperature gradient. The isovels
for H2 are found to be slightly more concentrated near the wall which resulted in a
slight increase in the wall shear as compared with the Hlcase. Due to the disappearance
of the thermal stratification in H2 at higher values of G, it is noted that, when aiding
the flow upward, (fRe)y, exceeds (fRe)y;, and it reverses with Nuy; > Nuy,, for any
value of Gr. However, when the flow is downward, the values of the friction factor and
Nussult number decrease as Gr increases for both H1 and H2 thermal boundary
conditions

KEYWORDS Vertical semicircular ducts; Laminar; Mixed convection; Heat flux.

INTRODUCTION

Semicircular ducts can be used to design compact heat exchangers and the flat
wall of the semicircular duct can be attached on a nuclear reactor surface from which
substantial heat might be released. The size of the literature dealing with laminar fully
developed mixed convection in semicircular ducts is very sparse in comparison with
vertical ducts of various cross sections, such as circular tubes [1-3] and parallel plates
[4-6]. Other results for laminar fully developed mixed convection are available for
rectangular ducts [7,8], triangular and rhombic ducts [9,10], elliptical ducts [11], and
concentric annuli [12]. Most studies considered only upward flow with heating or
downward flow with cooling. For this situation, the axial velocity profile is distorted
from the parabolic shape to increase near the duct walls and decreases in the core, with
the possibility of flow reversal in the core region at high Gr/Re ratio. Also the
temperature field develops faster and heat transfer is enhanced with increasing Gr/Re
ratio. The occurrence of reversed flow in the fully developed region for a particular
geometry was also found to be strongly dependent on the thermal boundary condition
imposed at the duct walls [6]. It should be noted that, in this study, no computations
were made beyond the onset of flow reversal. For semicircular ducts the laminar forced
convection in the entrance region has been studied by [13] and the fully developed
region in circular sector ducts has been solved analytically by [14-16] with different
thermal boundary conditions. These studies considered only forced convection without
buoyancy effect. A few papers can be found in the literature dealing with mixed
convection in semicircular ducts. Nandakumar et al. [17] studied numerically the
problem of the fully developed mixed convection with the H1 thermal boundary
condition in horizontal semicircular ducts with the flat wall at the bottom. Their
numerical model produced dual solutions with two and four vortices in the secondary
flow pattern. Lei and Trupp [18] solved the same problem considered in [17] using the
H1 boundary condition but with the flat wall on top. Chinporncharoenpong et al. [19]
studied the laminar fully developed mixed convection with the H1 thermal boundary
condition in a horizontal semicircular duct. They presented results for the effects of
orientation of the flat surface of horizontal semicircular ducts (from 0° to 180° with an
incremental angle of 45°) Chinporncharoenpong et al. [20] extended their study to
horizontal circular sector ducts. They reported that the orientation effects are significant
for the circular sector ducts only at high Gr. Busedra and Soliman [21] presented
numerical results for laminar fully developed mixed convection in inclined semicircular
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ducts under buoyancy-assisted and buoyancy opposed conditions, using two boundary
conditions H1 and H2. They noted that, thermal stratification in H2 was found to
decrease in upward inclinations by increasing Gr. On the other hand, increasing Gr for
downward inclinations appears to intensify thermal stratification. They also concluded
that, as Gr increases, both Nusselt numbers for H1 and H2 develop a trend whereby
their value increases with inclination angle up to a maximum and then decrease with
further increase in the inclination angle. Other results for laminar mixed convection
were obtained experimentally in the entrance region of a horizontal semicircular duct
[22] and in the inclined semicircular duct [23]. Dong and Ebadian [24] studied the
problem of fully developed mixed convection during laminar flow in a vertical
semicircular duct with radial internal longitudinal fins. They presented some results for
the friction factor and Nusselt number for upward flow of the finless semicircular duct
and compared with those of finned semicircular ducts. However, no results currently
exist for the velocity and temperature fields in vertical semicircular ducts, particularly in
downward flow.

The objective of the present investigation is to generate theoretical results for
laminar, fully developed mixed convection in vertical heated semicircular ducts with
upward and downward flows. Two thermal boundary conditions will be used: uniform
heat input axially with uniform peripheral wall temperature (known as the H1 boundary
condition [25]), and uniform heat input axially with uniform wall heat flux
circumferentially (the H2 boundary condition). The importance in the present study will
be sited on the effects of free convection and thermal boundary condition on velocity
and temperature fields, as well as the friction factor and Nussult number.

NUMERICAL ANALYSIS

Consider a vertical semicircular duct as shown in Figure (1). The fluid is
characterized by steady laminar incompressible and fully developed hydrodynamically
and thermally. Viscous dissipation is assumed to be negligible.
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Figure 1: Geometry of the semicircular duct
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Fluid properties are assumed to be constant, except for the density in the buoyancy
terms which varies with the temperature according to Boussinesq approximation. Heat
input is assumed to be uniform axially and two thermal boundary conditions, H1 and H2
are considered in this study.

Governing Equations
Momentum equation:

2
SR N (LU R SR 8 (1)
0Z ROR\ OR) R 00 T+2 Re
Energy Equation:
2
LG, LT (2] o
ROR\ OR) R 00 Vd

where the dimensionless parameters and variables are:

R=L, z-Z  w=2 | p |22, (3a)
r() r{) WWI (2+7Z-)
t—t D 3
T r Re =P G = 8P, (3b)

o oy ’ kv?

The parameter 7. used in equation (3b) was taken ¢, in the H1 boundary
condition and 7, in the H2 boundary condition, while the term dP/dZ in equation (1)

was treated as a constant (a consequence of the fully developed condition). The
applicable boundary conditions are:

W=0 on all walls (4a)
T=0 on all walls for the H1 condition (4b)
or = ! at R =1 for the H2 condition (4¢)
OR 7m+2
or __ R at 0 = 0 for the H2 condition (4d)
o0 T+2
8_T = R at 0 =« for the H2 condition (4e)
00 rm+2
Two important parameters used in engineering design are Nu, given by

hD 2 1
Nu = h = — 4l — (5)

k (r+2) T,
and the product fRe , where the friction factor /" is defined by
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= (6)
(112w

The average wall shear stress, 7, , was obtained by averaging the wall shear

s Vo
stress around the circumference of the duct and fRe is expressed in dimensionless form
as:

4 Re:(;z?z)zwzeaej“ I( aej,,,, J(‘Z—ijde} 2

SOLUTION PROCEDURE

The dimensionless governing partial differential equations for fully developed
flow and heat transfer were discretized by using a control volume based finite difference
method [26]. A staggered grid was used in the computations with uniform subdivisions
in the R and @ directions. The control volumes adjacent to the flat and curved walls were
subdivided into two control volumes in order to capture the steep gradients in the
temperature and velocity to ensure obtaining accurate values of the wall shear stress.
For given values of the input parameters Re and Gr, computations started from an initial
guess of the fields (W, T, and dP/dZ). The discretized equations were solved
simultaneously for each radial line using the tridiagonal matrix algorithm [TDMA], and
the domain was covered by sweeping line by line in the angular direction. At the end of
each iteration, a correction procedure was applied to values of Wand dP/dZ , using the
conservation of mass, equation (8), in order to ensure that the mean value of the
dimensionless velocity, W, is equal to 1. This correction procedure follows the method
outlined by Patankar and Spalding [27]. Thus the converged velocity profile must
satisfy the following condition:

!

T
I J' WRARd0 =7 @®
00

Iteration continued until the velocity and the temperature at all grid points as
well as the value of dP/dZ satistied the following convergence criterion.

¢new B ¢old
¢new

where ¢ is a scalar function.

<107 9)

VALIDATION OF NUMERICAL RESULTS

Numerical experimentation was conducted in order to determine the appropriate
grid size. Different grid sizes for pure forced convection were used and the selected grid
size of 30x48 (Rx#) for smooth semicircular ducts is found to be capable of
producing (fRe), = 15.75, (Nup;)o = 4.086, and (Nuy), = 2.926. These values are within
0.13%, 0.073%, and 0.1%, respectively from the exact solution reported in [28]. The
details of grid size effects and related numerical experimentations are delineated in [21].
For buoyancy assisted mixed convection in the vertical semicircular ducts, a
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comparison with the results in [24] is shown in Table (1). For the whole range of Gr
covered in [24], the sets of results in Table (1) agree to within 0.5% in dP/dZ and to
within 0.7% in NMHj.

Table 1: Comparison between the present results and those of Dong and Ebadian [24]

—dP/dZ Nug
Gr
Present Ref [24] Present Ref [24]

0 21.09 21.11 4.086 4.088
6.4x 10" 29.97 30.00 4313 4314
6.4x 10° 95.96 96.16 5.795 5.780
32x10° 296.4 297.9 8.831 8.772

RESULTS AND DISCUSSION

Numerical solutions were presented for upward and downward flows using the
H1 and H2 thermal boundary conditions. The range of the governing parameters used in
this study is Re = 500 and Gr up to 2 x 10°. Numerical calculations were carried out for
each thermal boundary condition with increasing values of Gr until flow reversal was
detected. The detailed results for the distributions of the velocity and temperature
followed by the behavior of the overall quantities fRe and Nu are discussed further
below.

VELOCITY AND TEMPERATURE DISTRIBUTIONS

Under the effects of free convection, in case of vertical orientations in upward
and downward flows, the velocity and temperature distributions become different from
the one corresponding to pure forced convection (Gr = 0). Figure (2a) shows the
isotherms and isovels at Gr = 1 x 10> for the HI case. The temperature and velocity
contours are similar to the ones corresponding to pure forced flow, where the location of
the maximum velocity and minimum temperature is confined to the horizontal radius (6

= 7/2). On the other hand, at the same Gr (shown in Figure (3a)), temperature
stratification occupies the upper and lower parts of the cross-section in the H2 boundary
condition and the isovels indicate high velocity gradients near the duct walls. However,
the position of the maximum velocity and minimum temperature is still confined to the
horizontal radius.

At Gr = 2 x 10° the isovels and isotherms for HI and H2 get considerably
distorted, as show in figures (2b) and (3b). The area enclosed by the velocity contour at
the top corner of the duct for H1 (Figure (2b)) and the smaller one for H2 (Figure (3b))
are high velocity contours. It can be seen that, the temperature stratification in H2
(Figure (3b)) is considerably reduced indicating much less circumferential variation in
the wall temperature. The concentration of the isotherms and isovels near the duct wall,
for both H1 and H2, leads to increased heat transfer and wall shear respectively. These
concentrations of the isotherms and isovels near the duct wall are consistent with [11].
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Isotherms Isovels Isotherms Isovels

Tnax = ©.000 Wmax = 1.798 Tmax = 0.000 Wmax = 1.864
Tnin =-0.091 Wmnin = 0.0008 Tmin =—0.050 Wmin = 0.000
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Figure 2: Velocity and temperature contours for H1 with aiding flow;

(a) Gr=1x 10° and (b) Gr=2 x 10°
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Figure 3: Velocity and temperature contours for H2 with aiding flow;

(a) Gr=1x 10° and (b) Gr =2 x 10°

With downward flow, the maximum velocity and minimum temperature are
located at the horizontal radius (8 = 7/2) of the cross-section, as shown in Figures (4)
and (5). For the H2 thermal boundary condition, temperature stratification still occupied
the upper and lower parts of the cross-section. Figures (4a) and (5a) for H1 and H2,
respectively, show the velocity and temperature contours for Gr = 1 x 10*. The isovels
and isotherms in these figures are nearly the same as the ones for pure forced
convection. With increasing Gr, it can be seen in both thermal boundary conditions that
the maximum velocity increases in magnitude but is still confined to the center. The
difference in temperature (between 7, and 7,,,) is also increased, as shown in Figures

Journal of Engineering Research Issue (8) September 2007 7



(4b) and (5b). Consequently, fRe and Nu for both thermal boundary conditions are
expected to be lower than those for pure forced convection, as shown later.

Isotherms Isovels Isotherms Isovels
max = @.000 Wmax = 2.090 Tnax = 0.000 Wmax = 2.394
Tmin =-@.099 Wnin = 0.000 min =-0.107 Wmin = 0.000

eh £k

(@)

Figure 4: Velocity and temperature contours for H1 with opposing flow;

(a) Gr=1x10* and (b) Gr=1x 10’

sotherms Isovels Isotherms Isovels
ix = 0.104 Wmnax = 2.110 Thax = 0.112 Wmax = 2.339
‘n =-0.136 Wnin = 0.000 Twin =0 147 Wmin = 0.000

A /s
AN AR
) (

(a b)
Figure 5: Velocity and temperature contours for H2 with opposing flow;

(a) Gr=1x10* and (b) Gr=5x10*

FRICTION FACTOR AND NUSSELT NUMBER

Due to the free convection, the friction factor and Nusselt number for buoyancy
assisted mixed convection laminar flow are found to be substantially higher than those
of pure forced convection, while for buoyancy opposed flow, the friction factor and
Nusselt number were found to be lower than those of pure forced convection, as
discussed in the following sections.
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FRICTION FACTOR

Figure (8) shows the friction factor for upward and downward flows. The
general trend in the results is that fRe increases with Gr for buoyancy assisted flow and
decrease with Gr for buoyancy opposed flow for both thermal boundary conditions. For
upward flow, the magnitude of this increase becomes larger as Gr increases. The effect
of the thermal boundary condition is fairly small. As we can see that, (fRe)y, exceeds
(fRe)y; due to the disappearance of the thermal stratification in H2.

50F = H1
---B- H2
40
30 |
fRe
20
10 |
sanaul s el ul 1 1
10 10° 10° 10* 10° 10°
Gr

Figure 8: Friction factor results for upward and downward flows

NUSSELT NUMBER

The results for Nusselt number in upward and downward flows are presented
in Figure (9). For upward flow it can be seen from these results that Nuy; is always
lager than Nuy; for any value of Gr. At high Gr (e.g., Gr > 1 x 10°), we note that
Nuy; > Nuys; is still valid but with a slight difference between them. This is mainly
due to the disappearance of the thermal stratification with increasing Gr. On the
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other hand, for downward flow, the trend is similar for the H1 and H2 thermal
boundary conditions while Nuy; is always higher than Nuy, for any value of Gr.

—m— H1

- H2

Nu

Figure 9: Nusselt number results for upward and downward flows

CONCLUSIONS
Numerical investigations were performed to analyze the problem of laminar fully

developed mixed convection in vertical semicircular ducts with upward and downward
flows. Two thermal boundary conditions were used: uniform heat input axially with
uniform peripheral wall temperature (H1), and uniform heat input axially with uniform
wall heat flux circumferentially (H2). Results for the velocity, temperature, friction
factor, and Nusselt number were obtained for Re = 500 and a wide range of Grshof
number. Therefore, one can conclude the following:

e In upward and downward flows, the velocity and temperature distributions, due to
the free convection effect, become different from the one corresponding to pure
forced convection. At high Gr, the concentration of the isovel curves near the duct
wall, for both thermal boundary conditions, leads to increased wall shear. In the
maen time, the high concentration of isotherms near the wall shows high
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temperature gradient. The isovels for H2 are found to be slightly more concentrated
near the wall which resulted in a slight increase in the wall shear as compared whith
the H1.

fRe increases with Gr for buoyancy assisted flow and decreases with Gr for

buoyancy opposed flow for both thermal boundary conditions. For upward flow, the
magnitude of this increase becomes larger as Gr increases, in which (fRe)y, exceeds
(fRe)y; due to the disappearance of the thermal stratification in H2.

Nu also increases with Gr for upward flow and decreases with Gr for downward

flow for both H1 and H2. In addition, Nuy; is always lager than Nuy, for any value
of Gr. The difference between them becomes small as Gr gets higher.
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NOMENOCLATURE

Dy,
S

g
Gr

h
H1
H2

g

oY YR T

VTS H/NNFTESF

ubscripts

S A

HI
H2
m
()

w

hydraulic diameter

friction factor

gravitational acceleration
Grashof number

average heat transfer coefficient

uniform heat input axially with uniform peripheral wall temperature

uniform heat input axially with uniform wall heat flux circumferentially

thermal conductivity
Nusselt number

dimensionless cross-sectional average pressure
rate of heat input per unit length
radial coordinate

radius of circular wall

dimensionless radial coordinate
Reynolds number

distance along the duct circumference
temperature

dimensionless temperature

axial velocity

dimensionless axial velocity

axial coordinate

dimensionless axial coordinate
coefficient of thermal expansion

scalar function

kinematic viscosity
density

wall shear stress

bulk value

corresponding to the H1 boundary condition
corresponding to the H2 boundary condition
mean

corresponding to Gr = 0

at the wall
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