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1. INTRODUCTION.

I
j

The para-
metric study of
expansion
joints is dealth
with using a
limited num-
ber of test
cases. This is
due to the lim-
it of computet
time as well as
reducing the
time taken in
analysing the
results.

Study of the flexibility of corrugated pipes
started as early as 1932. when Donnell [1] used
virtual work in obtaining a reduced modulus of
elasticity for corrugated pipes in comparison to a
smooth pipe having the same thickness and mean
radius. In general, the study that followed is either a
theoretical or numerical development dealing with
toroidal shells [2-10], or an experimental study
dealing with specific types of bellows, which
sometimes were accompanied' by an approximate
theoretical approach for verifying the results [11-14 j

I
_~ L _. -------It

Fig. J Corrugared pipe of sinusoi-
dal meridian showing geometrical
parameters

In references [15,16], the writers developed a
mixed finite element method for the linear analysis
of shells of revolution under the action of symmetric
and non-symmetric loading. Good results lvere
obtained for the wide range of problems which
tested the accuracy of the solution in comparison to
the analytical or exact values. In this paper the
mixed finite element method is used in solving the
problem of corrugated pipes and pipe expansion
joints (Bellows j, where relationships for the axial
stiffness of pressurized and non-pressurized bellows,
as well as their bending stiffness are obtained.
Accordingly a corrugated pipe can be solved as a
beam or an arch if it is curved.

3. AXIAL STIFFNESS

For the axial stiffness, the given parametric
cases were solved when the bellows was under a unit
axial displacement with no pressure, and when a
unit internal pressure was present.

a) Axial Stiffn6.iS of Beflows with Internal Pressure

2. PARAMETERS OF THE PROBLEM.

Where the corrugated pipe is under internal
pressure, hoop forces or hoop stresses become very
important, they are higher in value when compared
to the meridional forces ay stresses. It should also
be noted that the hoop forces differ in value at the
crest and at the throat of the shell, in addition the
maximum hoop forces tend to occur about mid-way
between the crest and the throat. Bending stresses
are noticed to be very small in comparison to the
membrane stresses.

The meridional curve of the corrugated pipe is
considered to be sinusoidal in shape as shown in

figure 1, where the parameters L, R, hand c are the
controlling geometrical parameters of the problem.

where
~ 40.

":1';-

The mean radius R} is fixed to 100.0 and the
ratios h'R, c Rand L Rare given as

variables, modulus of elasticity (E) is taken as
unity, and Poisson's ratio as 0.25, which is thought
to be reasonable for most metals. The following are
the considered variations in the parameters of the
problem:

h/R - 0.01, 0.015. 0.02

C/R - 0.0.0.1.0.15,0.2

L/R - 1.0. 2.0. 3.0. 4.0

h = shell thickness

c = half depth of corrugation

F = mean radius

L = wave length of corrugation ClIR'¥l:S 0.- HOOP FORC.,S Ar 'l:liE CREST AND 1:H::E THAOA'r- ~()~
D1:Ff"£R£}o;' ""ALUES OF r./R. h/" ••••d l./ R.
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They are equal for the basic shape which is a
cylinder and then diverge with the changes in the
governing parameters. The curves given in figure 2
show that for d ratio of L/R between 2 and 4., the
changes in hlR make slight or negligible change in
the hoop forces. Also at the ratio ( L/R ~ 3.2)
hoop forces at both the crest and throat start to
become equal or very close to each other.

This point is termed as optimal as far as the
dominating hoop forces are concerned, and the
range of L/R = 3 to 4 becomes the preferred range

The second step is to study the behaviour of the
maximum hoop forces which as stated earlier lie
between the crest and the throat. These forces are
also found to be very high for small ratios of L/ R in
comparison to the forces at the crest and throat,
and tend to become very close to them at the range
(L/R = 3 to 4).
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fig 4 : Axial stiffness for differeness for diferent
values of c?R and L/R

ranges of the geometrical parameters.
Kp - p R' (1.58 + (-1o.e4 + 10.13 LJR -1.37 L',R') 0) (2)

Figure 3 shows the behaviour of the maximum
surface hoop stresses for the range (L/ R = 3 to 4
and c = .0 to .2) against the change in the ratio
h] R. The curve presented in figure 3 is a third order
polynomial, giving the maximum hoop stresses for
the ranges of given parameters with a maximum
errol' of + 4.4%, and the equation of the curve is
given as:

b) Axial Stiffness of BelJows with no Internal Pressure

The parametric cases which were solved for unit
internal pressure are solved here for a unit axial
displacement and zeor pressure. It is noted that for
all cases of c/R > 0 the meridional bending stresses
are important when compared with the meridional
membrane stresses. The axial stiffness is calculated
as the equilibrating axial force due to a unit axial
displacement.

Figure 5 shows the axial stiffness approximated
as straight lines for different rations of L/ R, and an
equation is obtained which relates the axial stiffness
for zero pressure to the material and geometric
variables.

(1)

where p is the intensity of the internal pressure.

The third step is to find a relationship governing
the axial stiffness of these corrugated pipes under
pressure. The terminology for stiffness here is the
equilibrating axial force in the pipe when it is under
unit pressure and the axial displacement at the
boundary is put to zero. We had to separate this
part from the actual axial stiffness with zero
pressure, so that the value of internal pressure
could vary as needed.

where LT is the total length of the bellows.

K - ~ {·12.7 + (121.0-48.9 L.,R+ 504 L'/R') C/R)

LT

OO.O,----.,---,--,---,---,--r--,-----,

KO=ERhflT (·12.7+ (121.048.9l/R+L 'JC/r
-2.00+--+- -t---j

-4.00+---j---+---+--+----t--I--+---:;-.r"-1'"

~.OO+--+--+----+--+----t-~~-+----l

110.0

100.0s
90.01 80.0

i 70.0

60.0

50.0
j

40.0

·1 30.0

:2 20.0

10.0

00.0

\
\

-,
<,

<; ---
- ysmax-p(20J.·J3O/).\anr .",.0'\<= R_

I I I I I I
00.0 0.05 0.10 O.IS 0.20 0.25 0.30 0.35 0.40

.10.OO+--+---+"~--+--+--co.....-!=--I---+--1ThicknesslRadius-Ihl R)" 10-1
Fig.3 Maximum hoop stress curve validfor c/R=O to.2

'12.00k~~~$;;;1=-1~4~~F::t=1

\curr L\over curr RFigure 4 shows the results of the axial equili-
brating force in non- dimensional form. For each
ratio of L/ R the relationship is idealized as a
straight line with the change of clR. Then the slopes
of these lines are put to form a second order
equation. As a result an equation for the axial force
(stiffness) is deduced which is valid for the given
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Fig 5 Axial stiffness for different values of c/R and L/ R
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4. BENDING STIFFNESS.

To find the external coupling moment on a pipe
due to a unit rotation when solved as a shell, one has
to go through two stages. Firstly, applying an end
axial displacement of first harmonic type
(u= = cose ) with zero rotation; and secondly, a
unit moment also of first harmonic (Mq; = cost) )
with zero axial displacement. Summing these two
effects so that the lower and upper edges will
correspond to an external relation, then summing
the effects of the two cases No and Mq; to give the
corresponding external moment which produces a
unit rotation.

The results obtained in article (3 j are made use
of in reducing the number of parametric cases being
tested for the bending stiffness. Correspondingly
only one value ( hlR = .02) is used, and the other
parameters are given as:

c/R = 0.0, 0.1 and 0.2

L/R = 2.0, 3.2 and 4.0

Figure 6 shows the bending stiffness of corru-
gated pipes put into a lineal' form for different
values of (L/R) with respect to changing given
values of c. and given in an equation form as:

Kb = EhR3{ 195 + (-135.3 + 31.7L/R- 3.3L2/R2)c/R} (4)
~
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Fig 6 " Bending stiffness different values of Or and L/R

5. PIPE EXPANSION PROBLEM

A test problem of a pipe line with an expansion
.-1.Qint is solved. Figure 7 ShOI1'Sthe pipeline layout as
- well as its geometric and material properties. The
curves given in figures 3 to 6 and their correspond-
ing equations (1) to (4) are tested by solving the
problem of the expansion .10 illt (Bellows) sepa-
rately. The obtained values for the maximum hoop
stresses and axial stiffiiesses H'ere very close to the
computer results, and either approach is acceptable
within a reasonable error range.

The pipe and the bellows interaction is repre-
sented schematically by forces or stiffnesses of both
the pipe and the bellows as shown in figure 8.

Ther-ejore,

PB = -KpB + KTB - KoB U

h _ .0 I _

~ _ 200 .• 10. N/_2
v _ .2.5

Q _ .000012
T _ 60°

P _ 500 N/ ••2

P
L" _ 1,8 _

Rp - .~

R:8 - .6
C - • I

P1::PE LT.NE .ANt) »:l:PE JtXPANS:x,ON JOJ:NT D-IY1:CURATION

"
"

Fig 8 " Equilibrium of forces acting on the nodal circle connecting
a pipe and an expansion joint (Bellows)

where:

P p - Axial force on the pipe.

PB -Axial force on the bellows.

Kpp -Axial force on the pipe due to pressure if
ends are kept in position.

Kop -Axial stiffness of the pipe with zero
pressure.

KTP -Axial force in the pipe due to temperature.

KpB -Axial stiffness of the bellows with
zero pressure .

KoB - Axial stiffness of the bellows with zero
pressure

KTB -Axial force in the bellows due to
temperature.

u - The displacement of the joining point of the
pipe and the bellows, and its positive
direction is as shown in figure 8.

In the equilibrium position the two forces Pp and
PB have to be equal. Then the following equation is
obtained.

( KoB + Kop)u = (Kpp - KpB ) + (KTB - KTP)

The values of KoB, K;», Kpp and KpB are
obtainable either by using the presented curves or
their corresponding equations. The values of ICTB
and KTP are obtained by using the following
equations:

For the test problem given in figure 7, these
equilibrating forces are obtained for both bellows
and the pipe.

Pipe Bellows.

Kpp = 195. KpB = 126.41

Kop = .6345 X 105 KoB = 59.467 x let

KTP = 4568.4 KTB = 3854.46
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The displacement of the joinmg point is
calculated while neglecting the temperature effect.

Pipeline Expansion Bellows", J. Appl. Mech., 1'01.17,pp.J35-
141,1950.

a) Using the described procedue.

u '" 0.114x 10-4

12. TUR!I/ER, CE. and FORD, H., "Stress and Deflection
Studies of Pipeline Expansion Bellows", Proc. Inst . of Mech.
Eng. (London), \'01.171,pp.526-552, 1957.

13. TURNER, CE., "Stresses and Deflection Studies of Flat-
Plate and Toroidal" Expansion Bellows, subjecred t o Axial
Eccentric or Internal Pressure Loading", J. Mech. Eng.

Sci., \'01.1, pp.130-143, 1959.

14. MARCAL, P. V. and TURNER, C.E., "Elastic Solution in
the Limit Analysis of Shells of Revolution with Special
Reference 10 Expansion Bellows", J. Mech. Eng. Sci., 1'01.3,
pp.252-257, 1961.

15. BARONY, S.Y. and TOTTE.VHAM, H., "The Analysis of
Rotational Shells Using a Curved Ring Element and the
Mixed Variational Formulation"; Int, J. Numerical Methods
Eng., 1'01.10,pp.861-872, 1976.

16. BARONY, S. Y. and TOTTENHAM, H.,
"jl.1ixed Curved Rotational Shell Element for the
Asymmetrical Analysis of Shells of Revolution";
Proc. lASS World Congress of Space Enclosures,
Montreal, Canada July 1976, pp.481-487.

b) Using the mixed finite element comp.uer
program for both the bellows and the pipe.

U '" .1075 X 10-4

The two results are reasonablv close. The
temperature effect is then taken into considera-
tion, and the computed displacement is given as

u '" -0.1075 X 10-3

Accordingly the axial force and the maximum
hoop stresses can be obtained in both the bellows
and the pipe. Depending on the level of stresses and
the flexibility requirements, the bellows is either
accepted or another bellows with different dimen-
sions is tried, until an optimum shape with enough
flexibility and required stresses is reached.

6. CONCLUSION

In this paper a parametric study of pressurized
pipe expansion joints (Bellows) of sinusoidal
meridional shape is presented. Curves and equa-
tions governing the axial and bending stiffnesses of
bellows and corrugated pipes are given. The
presented curves, equations and numerical problem
are hoped to be useful! to designers at least in the
preliminary stage level.
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